We address the existence and uniqueness of S-asymptotically T-periodic solution of delay fractional differential equations with almost sectorial operator in infinite dimensional Banach spaces. Under the weak assumptions, we obtain the existence and uniqueness result. An example is presented.
Introduction
Recently, fractional differential systems have played an important role in physics, chemistry, engineering, biology, finance etc., due to the memory character of fractional derivative, which is a generalization of integer-order derivative and can describe many phenomena that an integer derivative cannot characterize (see [-] and the references therein).
In this paper, we study the existence of S-asymptotically T-periodic solutions for the following fractional differential equation on a Banach space X:
u(t) = Au(t) + f (t, u t ), t > , u(t) = φ(t), t ∈ [-δ, ], (.)
where q ∈ (, ) and δ > . The fractional derivative is understood here in the Caputo sense. A is an almost sectorial operator to be introduced later. u t : [-δ, ] → X is defined by u t (θ ) = u(t + θ ) for θ ∈ [-δ, ]. f is a function to be specified later. φ ∈ C([-δ, ], X).
The literature concerning S-asymptotically T-periodic functions with values in Banach spaces is very new. There are some papers dealing with the existence of S-asymptotically T-periodic solutions of differential equations and fractional differential equations with a sectorial operator in finite as well as infinite dimensional spaces (cf. [-, -]). However, von Wahl first introduced examples of almost sectorial operators which are not sectorial [] . To the best of the authors' knowledge, there are few papers on the existence of S-asymptotically T-periodic (mild) solutions for fractional differential equation with almost sectorial operator of type (.).
We will now present a summary of this work. In Section , we recall some fundamental properties of S-asymptotically T-periodic functions and preliminary facts. The existence and uniqueness of S-asymptotically T-periodic mild solution of problem (.) are discussed in Section , and an example is given to illustrate our result.
Preliminaries
Let (X, · ) be a Banach space and L(X) be the space of all bounded linear operators from X to X with the usual operator norm x L(X) . C b (R + , X) denotes the space of the continuous bounded functions from [, +∞) to X, endowed with the norm x ∞ = sup t≥ x(t) . C([-δ, ], X) denotes the space of the continuous functions from [-δ, ] to X with the norm
) is the L p space with the norm 
where (·) is the gamma function.
As in [, ], we state the concept of almost sectorial operators as follows. 
A linear operator A will be called an almost sectorial operator on
We denote the semigroup associated with A by W (t).
forms an analytic semigroup of growth order  + γ , here
holds. However, it is not satisfied for t =  or s = .
Consider the function of Wright-type (see [, ])
, S q (t) and T q (t) are linear and bounded operators on X. Moreover, for all t > , - < γ < ,  < q < ,
. Moreover,
and T q (t) are continuous in the uniform operator topology. Moreover, for every r > , the continuity is uniform on [ r, ∞).
When φ() ∈ D(A β ) with β >  + γ , we present the definition of mild solution of problem (.) as follows.
is called a mild solution of problem (.).
Remark . In general, mild solutions to problem (.) are assumed to have the same kind of singularity at t =  as the operator
follows from Remark . that the mild solution is continuous at t = .
Let us recall the notion of S-asymptotically T-periodic functions which will come into play later on. 
Main result
In this section we discuss the existence and uniqueness of S-asymptotically T-periodic solutions for problem (.).
The function f : (, +∞) × C([-δ, ], X) → X satisfies the following conditions:
For ν > p,  ≤ t  < t, it follows from the Hölder inequality that
Theorem . Assume that (H)-(H) hold. Then, for every φ() ∈ D(A β ) with β >  + γ , the problem (.) has a unique S-asymptotically T-periodic mild solution. Proof For φ ∈ C([-δ, ], X), we define the function y(t) = φ(t) for t ∈ [-δ, ], y(t) = S q (t)φ() for t > , then y ∈ C([-δ, ∞), X). Set u(t) = x(t) + y(t), t ∈ [-δ, +∞). It is obvious that u satisfies (.) if and only if
x satisfies x  =  and for t > ,
We write
endowed with the norm
, we have
We consider the operator F on C b (X) as follows:
We will show initially that Fx ∈ C b (X). Let h > , we have
For ε >  small enough, we conclude
taking h → , ε → , and using (.), the right-hand side of the above inequality tends to zero. Moreover, by (.), we have
For ε >  small enough, noting that (.) and (.), we obtain
This, together with Theorem ., shows that the right-hand side tends to zero as h →  and ε → . Moreover, from (H), (H), (.), and (.), we have
Now, the operator F : C b (X) → C b (X) is well defined. It is clear that the fixed points of F are mild solutions to problem (.).
Next, we will show that F is SAP T, (X)-valued, where we identify the element v ∈ SAP T, (X) with its extension to [-δ, +∞) given by v  = . We will prove for any x ∈ SAP T, (X), Fx ∈ SAP T, (X). Obviously, (.) implies that y| [,∞) ∈ SAP T (X), then from Lemma ., the function t → y t belongs to SAP T (C([-δ, ], X)). Now x t + y t ∈ SAP T (C([-δ, ], X)), this means that, for each ε > , there is a positive constant L  >  such that
Moreover, (H) implies that there is a positive constant L  >  such that
Denoting sup t≥ t  ξ (s) (t-s) +qγ ds := M and noting that (H), (H), (.), and
From (H), (.), and (.), it follows that
Then F is a contraction mapping, the proof now can be finished by using the contraction mapping principle. 
